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Menger meets combinatorics
[N]∞: infinite subsets of N

[N]∞ 3 x = {x(1), x(2), . . .} : increasing enumeration, [N]∞ ≈ N↑N

x ¬∗ d if x(n) ¬ d(n) for almost all n

D is dominating if ∀x∈[N]∞ ∃d∈D x ¬∗ d

d: minimal cardinality of a dominating set

y ¬∞ d if y(n) ¬ d(n) for infinitely many n

Theorem (Hurewicz)

Assume X is Lindelöf and zero-dimensional.
X is Menger iff ∀ϕ : X cont−−→ [N]∞, ϕ[X ] is non-dominating in [N]∞

A Lindelöf X with |X | < d is Menger.

A dominating X ⊂ [N]∞ is not Menger.
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Assume X is Lindelöf and zero-dimensional.
X is Menger iff ∀ϕ : X cont−−→ [N]∞, ϕ[X ] is non-dominating in [N]∞
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Products of Menger spaces

Todorčević (ZFC):
There is a Menger set whose square is not Menger.

Just, Miller, Scheepers, Szeptycki (CH):
There is a Menger M ⊂ R such that M2 is not Menger.

Scheepers, Tsaban (cov(M) = cof(M)):
There is a Menger M ⊂ R such that M2 is not Menger.

|N| = ℵ0 ¬ cov(M) ¬ d ¬ cof(M) ¬ c = |R|

Problem (Scheepers)

Is there (ZFC) a Menger set M ⊂ R such that M2 is not Menger?
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More combinatorics
P(N) ≈ {0, 1}ω : the Cantor space

P(N) 3 a 7→ χ(a) ∈ {0, 1}ω

P(N) 3 {2, 4, 6, . . .} 7→ (0, 1, 0, 1, 0, 1, . . .) ∈ {0, 1}ω

(P(N),⊕): topological group, a⊕ b : symmetric difference

a
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1 2 4 5 7 8 10 11 . . .

2 3 5 6 8 9 11 . . .

a ⊕ b 1 4 7 103 4 6 7 9 . . .a ⊕ b 1 4 7 101 3 4 6 7 9 . . .

a

N

1 2 4 5 7 8 10 11 . . .

1 2 3 4 5 6 7 8 9 10 11 . . .

a ⊕ N 3 6 9 . . .a ⊕ N 3 6 9 . . .

τ : P(N) hom−−→ P(N), τ(a) = ac = a⊕ N

[N]<∞ : finite subsets of N
[N]∞ : infinite subsets of N
[N]∞,∞ : infinite co-infinite subsets of N
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bidi: min card of A ⊂ [N]∞,∞ s. t. there is no b with A ¬∞ b, bc

|N| = ℵ0 ¬ cov(M) ¬ bidi ¬ d ¬ cof(M) ¬ c = |R|
max{b, cov(M)} ¬ bidi ¬ min{r, d}

Observation (Mejia, Kamburelis, Węglorz)

bidi = min{r, d}

bidi = d⇔ d ¬ r

Problem

Assume r < d and d is regular (e.g. in Miller’s model).
Is there a Menger set M ⊂ R such that M2 is not Menger?

r : min card of A ⊂ [N]∞ s.t. there is no s ∈ [N]∞ with
s and sc intersect all a ∈ A
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Another applications
Hurewicz’s property: for every open covers U1,U2, . . . of X there
are finite V1 ⊂ U1,V2 ⊂ U2, . . . such that { n ∈ N : x ∈
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Vn } is
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Another applications
Corollary (b = d)

For every Menger, non-Hurewicz X there is a Menger Y ⊂ P(N)
such that X × Y is not Menger.

Corollary (b = d)

In the class of metrizable spaces every productively Menger space
is productively Hurewicz.

F-Menger’s property: for every open covers U1,U2, . . . of X there
are finite V1 ⊂ U1,V2 ⊂ U2, . . . such that { n ∈ N : x ∈

⋃
Vn } ∈ F

for all x ∈ X (F is a nonprincipial filter).

Hurewicz → F-Menger → Menger

Corollary (b = d)

There is an ultrafilter U such that in the class of sets of reals
Hurewicz = U-Menger = Menger
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